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Abstract

We introduce a novel deep learning algorithm for solving large life-cycle

models with both continuous and discrete choices. This allows us to simultane-

ously account for both labor supply choices with human capital accumulation,

portfolio choices with a risky and a risk-free asset, and housing and mortgage

choices. We work directly on the Bellman equation and approximate both value

and policy functions with neural networks, and use a simulated training sample

instead of tensor product grids. This substantially alleviates the curse of dimen-

sionality. We demonstrate this in a consumption-saving model with multiple

durable goods subject to non-convex adjustment costs where our deep learning

algorithm clearly outperforms a standard value function iteration. We confirm

that we can accurately solve a large life-cycle model in 12 hours on a single GPU.

We solve the model simultaneously across all periods instead of with backward

induction. This simplifies transfer learning, where a new solution for a new set

of parameters in a calibration or estimation can easily be achieved. An accom-

panying easy-to-use software package implements the method.

Python package: github.com/NumEconCopenhagen/EconDLSolvers
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1 Introduction

We introduce a novel deep learning algorithm for solving large finite-horizon mod-
els. The algorithm allows for both continuous and discrete choices, and does not
require first order conditions to be sufficient or choice sets to be convex. It can thus
solve a much broader class of models compared to existing deep learning methods
used in economics.

We focus on solving life-cycle models1, and we show our algorithm makes it pos-
sible to accurately solve models simultaneously accounting for both labor supply
choices with human capital accumulation, portfolio choices with a risky and a risk-
free asset, and housing and mortgage choices. We do this in 12 hours on a single
GPU. This implies that even larger models can also be solved. Our algorithm allows
for transfer learning, where the solution at a previous parameter set can be used as
the initial guess for a new parameter set, and for including heterogeneous param-
eters as surrogate states. Both simplify estimation. Together, our algorithm allows
researchers to work with more realistic descriptions of the environment households
make decisions in, which will ultimately improve the policy guidance the models
can provide.

Our algorithm works directly on the Bellman equation, and we denote it DeepV.
We approximate both the post-decision value function and the policy function for
the continuous choices with deep neural networks. We can then derive the opti-
mal discrete choices directly from these together with potential taste shocks. Neural
networks can basically approximate any function (Hornik et al., 1989), and are in
practice able to provide accurate approximation of high-dimensional functions with
a computationally feasible number of parameters. We do not specify tensor product
grids, but instead train the neural networks on a simulated training sample using a
variant of stochastic gradient descent. In sum, this substantially alleviates the curse
of dimensionality.

Our proposed algorithm can be seen as a form of value function iteration. Instead
of using backward induction period-by-period, we solve it across all periods simul-

1 The origin of life-cycle models can be traced back to at least Modigliani and Brumburg (1954). A
seminal paper is Gourinchas and Parker (2002), which was the first estimation of the structural
parameters of a life-cycle model with precautionary savings. Modern surveys of various aspects of
the vast literature can be found in Heathcote et al. (2009); Nardi et al. (2016); Gomes (2020).

2



taneously. This is beneficial because value and policy functions share a lot of prop-
erties across periods, which then only needs to be learned once. We instead use a
final backward iteration to verify that our policy function cannot be improved upon.
Two details of our algorithm turn out to be important for precision: i) We allow for
exploration in the simulation, which ensures that a broader set of states than those
under the true policy function is visited and thus included in training. This follows
the approach in Druedahl and Røpke (2026). ii) We use multiple neural networks for
the value function and average them to reduce noise.

We furthermore show that targeting the necessary (but not sufficient) first order con-
ditions when training the policy network yields faster convergence and additional
accuracy. In our preferred network structure, the policy network simultaneously
outputs the continuous choices across all potential discrete choices. This is done to
avoid some discrete choices never being selected due to a poor approximation of the
conditional continuous choices. The computational time cost loss is arguably limited
when the number of discrete choices is not too large.

We first test our algorithm in a consumption-saving model with multiple durable
goods subject to non-convex adjustment costs. This is a complicated model, but
can still be solved with a standard value function iteration, which we compare our
solution to. Already with two durable goods our algorithm finds a better solution
measured in expected discounted utility than the standard function iteration. The
solution time is also similar, but the hardware cost is larger for the deep learning
algorithm. Euler-errors are slightly larger for the deep learning solution, but this
disadvantage disappears when including information from the first order conditions
in the deep learning solution. We find no material differences across economic out-
comes. We provide numerical experiments showing the importance of exploration
in the training samples and averaging across multiple value networks. We finally
show that solution time is drastically reduced if we need to re-solve the model for a
new set of parameters. A standard backward induction approach requires re-solving
the model from scratch.

We then turn to an actual application of our algorithm solving a large life-cycle,
where households make decisions regarding both their labor supply, consumption,
housing, and financial portfolio of risky and safe assets. This model cannot be solved
with conventional methods, but can still be solved with our deep learning algorithm
in 12 hours on a single GPU. We use four approaches to confirm that, we have found
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the true solution: i) the average expected discounted utility stabilize over training,
ii) no material further improvements are achieved by a backward induction step, iii)
Euler-errors are satisfactory, iv) economic outcomes stabilize over training.

Related literature. The use of deep learning is rapidly expanding in economics.
Fernández-Villaverde et al. (2024) starts from the basics explaining why this can help
tame the curse of dimensionality. Most work has focused on general equilibrium
models(e.g. Maliar et al., 2021; Azinovic et al., 2022; Azinovic and Žemlička, 2023;
Gu et al., 2024; Payne et al., 2024; Kase et al., 2024; Azinovic-Yang and Žemlička,
2025; Han et al., 2025).

The literature on single agent models is smaller. Maliar et al. (2021) solve a simple
infinite horizon consumption-saving model and Pascal (2024) extends this to a multi-
dimensional exogenous income process developing a general bias-corrected Monte
Carlo operator. We focus on large and complex finite-horizon models, but many of
the insights from our solution algorithm can also be used in infinite horizon. Our
previous work, Druedahl and Røpke (2026) considers large finite-horizon models
with many states, choices and constraints, but restricts attention to convex models.
For smaller models, we find that an algorithm called DeepFOC based on minimiz-
ing errors in first order conditions is the best. For larger models, we find that an
algorithm based on simulation alone, called DeepSimulate, is preferable. We show
in Appendix A.3 that the DeepV algorithm developed in this paper performs worse
than DeepFOC for the canonical buffer-stock model. Both DeepFOC and DeepSim-
ulate can, however, not be applied for models with discrete choices and DeepFOC
require first order conditions to be both necessary and sufficient.

Maliar and Maliar (2022) and Duarte et al. (2022) are closest to this paper, and are
the only other papers to consider discrete choices in connection with deep learn-
ing. Maliar and Maliar (2022) consider an indivisible labor choice in an otherwise
simple household problem embedded in a general equilibrium model. Duarte et al.
(2022) builds on Sehnke et al. (2010) and solves a complex life-cycle using a simula-
tion based approach extended to allow for discrete choices by assuming all choices
initially are probabilistic.

Alternative approaches for alleviating the curse of dimensionality is using (adap-
tive) sparse grids (Judd et al., 2017; Brumm and Scheidegger, 2017; Brumm et al.,
2021) or Gaussian Processes (Scheidegger and Bilionis, 2019), but the former is chal-
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lenging with irregular domains, and the latter does not handle large amounts of data
efficiently (see Azinovic et al. (2022) for a further discussion of these trade-offs).

2 Solution Algorithm

In this section, we introduce a deep learning algorithm for solving a broad class
of finite-horizon models with discrete and continuous choices. Our algorithm can
be seen as a form of Value Function Iteration (VFI): We approximate the value and
policy functions using neural networks, and instead of solving the maximization
problem on a tensor product grid, we solve the model on an endogenous training
sample simulated using the current policy and value functions. We solve the prob-
lem simultaneously across all periods, instead of using backward induction, which
allows the network to learn the time-dependencies in the model directly.

Below we first explain the model class considered, and then turn to how the value
and policy functions are approximated with neural networks, how we construct our
training samples, and finally how the parameters of the neural networks are up-
dated.

2.1 Model Class

Time is discrete and indexed by t ∈ {0, 1, . . . T − 1}. The notation is as follows:

1. The states are denoted by st (continuous or discrete).

2. The discrete choice is denoted by dt ∈ Dt(st) = {d0, d1, . . . , d#d−1}.

3. The taste shocks are εd
t = {εd,0

t , εd,1
t , . . . , εd,#d−1} with i.i.d. ε

d,j
t ∼ Gumbel(0, σε).

4. The continuous choices are denoted by at ∈ At(st, dt).

5. The utility function is ut(st, dt, at).

6. The post-decision states are st = Γt (st, dt, at).

7. The stochastic shocks are zt+1, drawn from the distribution Fz
t (st).

8. The transition function is st+1 = Γt (st, zt+1).

9. The terminal post-decision value function is h(sT−1).

This encapsulates a broad model class. In particular, we do not enforce any restric-
tions to ensure the first order conditions for the continuous choices are sufficient. For
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notational simplicity, we write it as if there are always #d discrete choices.2

The timing assumption is as follows:

1. Taste shocks εd
t are realized.

2. Discrete choices dt are made.

3. Continuous choices at are made.

4. Stochastic shocks zt+1 are realized.

The solution algorithm can also easily be extended to allow for more general timing
assumptions, including shocks arriving between the discrete choice and the contin-
uous choices.

The value-of-choice is

Vt(st, dt, at) = ut(st, dt, at) + β

h(st) if t = T − 1

vt (st) else
(1)

st = Γt (st, dt, at)

whereβ > 0 is the discount factor.3 The optimal policy function for the continuous
choices, conditional on the discrete choice, is then

πa
t (st, dt) = arg maxat∈At(st,dt)

Vt(st, dt, at), (2)

and the optimal policy function for the discrete choice is

πd
t (st, εd

t ) = arg maxdt∈Dt(st)
Vt(st, dt, πa

t (st, dt)) + εd
t (dt), (3)

where εd
t (dt) is the effective taste shock,

εd
t (dt) ≡

#d−1

∑
j=0

1dj=dt
ε

d,j
t

The Gumbel assumption implies that the post-decision value function can then be

2 We can also allow the scale of the taste shocks to vary by time period and state, σε,t(st).
3 We can allow the discount factor to be time and state dependent, βt(st), and our method can also

be used with Epstein-Zin preferences.
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written

v (st) = Ez
t

[
Eε

t

[
max

dt∈Dt(st)
V(st, dt, πa

t (st, dt)) + εd
t (dt)

]]
(4)

= Ez
t

σε log

 ∑
dt∈Dt(st)

exp
(
V(st, dt, πa

t (st, dt))

σε

)
zt+1 ∼ Fz

t (st)

st+1 = Γt (st, zt+1)

The expected discounted lifetime utility given policiesπa and πd is

R
(

πa, πd
)
= E−1

[
T−1

∑
t=0

βt
(

ut(st, at, dt) + εd
t (dt)

)
+ βT−1h(sT−1)

]
(5)

s0 ∼ Fs
0

εd
t ∼ i.i.d. Gumbel(0, σε)

dt = πd
t (st, εd

t )

at = πa
t (st, dt)

st = Γt(st, dt, at)

zt+1 ∼ Fz
t (st),

st+1 = Γt(st, zt+1)

whereFs
0 is the distribution of initial states.

2.2 Neural networks

Our solution algorithm relies on approximating both the policy function for the con-
tinuous choices and the post-decision value function with neural networks. First, we
introduce a value network for the post-decision value function with parameters θv,
where the inputs are time t and the post-decision states st, i.e.

vt (st) ≈ v(t, st; θv). (6)

Second, we introduce a policy neural network with parameters θπa for the continu-
ous choices, where the inputs are time t and states st, and the outputs are the contin-
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uous choices at for each of the potential discrete choices dt, i.e.{
a0

t , a1
t , . . . , a#d−1

t

}
= πa (t, st; θπa) . (7)

For simplicity we write πa (t, st, dt; θπa) to pick the continuous choice associated with
a specific discrete choice.

We do not need to parameterize the discrete policy function πd directly. Defining the
value-of-choice function

V(t, st, dt, at; θv) = ut(st, dt, at) + β

h(st) if t = T − 1

vt (t, st; θv) else,
(8)

st = Γt (st, dt, at) ,

the optimal discrete choice can be calculated as

πd
t (st, εd

t ; θv, θπa) = arg max
dj

t∈Dt(st)
V(t, st, dj

t, aj
t; θv) + εd

t (d
j
t), (9)(

a0
t , a1

t , . . . , a#d−1
t

)
= πa (t, st, θπa) ,

or using the Gumbel assumption choice probabilities can be derived as

Pr[dt = dj | t, st] =
exp

(
V(t, st, dj

t, aj
t; θv)/σε

)
∑#d−1

k=0 exp
(
V(t, st, dk

t , ak
t ; θv)/σε

) (10)

To compute the optimal discrete choice in (7), we need to compute the continuous
choices conditional for each of the potential discrete choices. This explains our net-
work structure, where the policy network outputs all the continuous choices for each
discrete choice simultaneously. This works well in models with not too many dis-
crete choices. In models with a high number of discrete choices, an alternative could
be to directly approximate value-of-choice, i.e. Vt(st, dt, at), though this has both
the states and all discrete and continuous choices as inputs and therefore is more
complex.
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2.3 Training sample

For given value and policy parameters, θv and θπa , we can simulate forward starting
from some distribution of initial states. We introduce exploration in the simulation
to ensure that we visit more of the state space than the current parameters imply. We
denote an exploratory version of the policy function for the continuous choices by
π̆(t, st, dt, εa

t ; θπa), where εa
t is a vector of exploration noise, drawn from the distribu-

tion Fεa(st), and we ensure that there is no exploration at εa
t = 0 and the continuous

choices are always feasible,

1. π̆a(t, st, dt, 0; θπa) = πa(t, st, dt, θπa).

2. aj
t ∈ At(st, dj

t) for all aj
t ∈ π̆a(t, st, dt, εa

t ; θπa).

We introduce exploration in the discrete choice by drawing larger taste shocks using
a larger scale parameter σ̆ε > σϵ.

Our simulation procedure then is as follows

s0 ∼ Fs
0 (11)

εd
t ∼ i.i.d. Gumbel(0, σ̆ε)

dt = πd(t, st, εd
t ; θv, θπa)

εa
t ∼ Fεa (st)

at = π̆a (t, st, dt, εa
t ; θπa)

st = Γt(st, dt, at)

zt+1 ∼ Fz
t ,

st+1 = Γt(st, zt+1)

We denote the sample of initial states and shocks by

S =
{

s0,i, zt,i, εd
t,i, εa

t,i ∀i, ∀t
}

, (12)

and the full training sample by

S (θv, θπa ;S) =
{

st,i, st,i, dt,i, at,i, εd
t,i, εa

t,i ∀i, ∀t
}

. (13)
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Total expected reward is then given by

R (θv, θπa ,S) = 1
N

N−1

∑
i=0

T−1

∑
t=0

(
βt(ut(st,i, dt,i, at,i) + εd

t,i(dt,i))
)
+ βT−1h(sT−1,i). (14)

2.4 DeepV

The general structure of our deep learning solution algorithm denoted DeepV, where
the »V« refers to the Value function, is described in Algorithm 1. We start by drawing
a random validation sample, S∗, with no exploration (σ̆ε = σε, εa

t,i = 0), and initial
guesses of the network parameters, θ−1

πa and θ−1
v .

The algorithm is then divided into episodes. In each episode, we first simulate a new
training sample (step 1) and update our replay buffer based on this (step 2). The
replay buffer is a set that contains the history of past simulated training samples,
and is updated on a »first-in, first-out« basis.4

Secondly, we then train the neural network using a random training batch from the
replay buffer (step 3). We also calculate an out-of-sample expected reward to keep
track of progress (step 4) each ∆R’th episode, and update the best the neural network
parameters yet seen.

We repeat these steps for K episodes.5 In our applications, we look at the time path
of the out-of-sample expected reward, R∗, to ensure that no further improvement of
the found policy can be achieved.

2.4.1 Updating network parameters

We now go into detail with the updating of network parameters in step 3 of Algo-
rithm 1. To do so, we first need a target for the value network. Algorithm 2 describes
how, given the post-decision statest,i from the training sample, and network param-
eters θv and θπa , can compute such a value target denoted ṽt,i. The expectation over

4 The replay buffer implies that training sample is not fully based on the most recent guess on the
policy network. This can be considered a form of exploration. See Druedahl and Røpke (2026) for a
further discussion.

5 The algorithm does not rely on backward induction. Backward induction requires T separate neural
networks and also works poorly with simulation methods where multiple backward passes would
be necessary. Therefore we solve the problem simultaneously across all periods which allows the
network to learn the time-dependencies in the model directly.
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Algorithm 1 DeepV solution algorithm

Draw sample of fixed initial states and shocks with no exploration (σ̆ε = σε, εa
t,i = 0),

S∗ and initialize R∗ = −∞.

Draw random initial parameter values, θ−1
v and θ−1

πa .

Initialize buffer memory B = ∅.

For each episode k = 0, 1, . . . , K − 1 do:
1. Simulate random training sample with exploration, Sk.
2. Update replay buffer B with Sk (»first in, first out«).
3. Update network parameters to θk

πa andθk
v using random training batch Bk.

4. If k is divisible by ∆R or k = K − 1 calculate out-of-sample expected reward,
Rk = R

(
θk

v, θk
πa ,S∗).

If Rk > R∗ set θ∗πa = θk
πa and θ∗v̄ = θk

v.
Returnθ∗πa andθ∗v̄ as the solution.

zt+1 is calculated with some form of numerical integration (quadrature or Monte
Carlo). After step 1, we have a set of targets for training the value function,ṽt,i. Here
we use the convention that variable with a tilde x̃ is computed within the algorithm
and is not an input to the algorithm.

Algorithm 3 then describes the full updating of the parameters in the value and the
policy networks. In this algorithm, we use the idea of target networks to stabilize the
training process. In the first episode, we initialize the target networks with the same
parameters as the initial guesses for the actual networks, θ̌−1

v = θ−1
v and θ̌−1

πa = θ−1
πa .

Later, we will be updating the target network more slowly using a weight of τ ∈
(0, 1] on the new parameters and 1 − τ on the existing target network parameters.

In step 1, we compute the post-decision target value for all agents in our sample,
across all periods, using the lagged value and policy target networks.

In step 2, the parameters in the value network θv are updated by minimizing the
mean squared error between the value network prediction and the targets ṽt,i from
step 2. We use a gradient descent type of algorithm and make #v updates using the
full training sample. At the end of step 2 the target value parameters are updated.

In step 3, we update the policy parameters, simply using the value-of-choice as the
loss function. We again use a gradient descent type of algorithm and make #πa up-
dates using the full training sample. At the end of step 3 the target policy parameters
are updated. We skip this step for the first kπa > 0 iterations as the value function
approximation initially might be too imprecise for policy optimization to be mean-
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Algorithm 2 Value target
Given post-decision statest,i and network parameters θv and θπa compute

ṽt,i = σε log

 ∑
j∈{0,1,...,#d−1}

exp
(

ṽj
t,i/σε

)
where

ṽj
t,i = Ez

t

[
ut+1

(
s̃t+1,i, d̃j

t+1, ãj
t+1,i

)
+ β

{
h(s̃t+1,i) if t = T − 2
v
(
t + 1, s̃t+1,i; θv

)
else,

]

for j ∈ {0, 1, . . . , #d − 1} where

z̃t+1,i ∼ Fz
t (st,i)

s̃t+1,i =Γt(st,i, z̃t+1,i)(
ã0

t+1,i, ã1
t+1,i, . . . , ã#d−1

t+1,i

)
=πa(t + 1, s̃t+1,i, d̃t+1,i; θπa)

s̃t+1,i =Γt+1(s̃t+1,i, ãj
t+1,i, d̃j

t+1)

.

ingful.

We train the policy across all potential discrete choices, dt ∈ Dt(st). If we were
only training on the discrete choices from the simulation, our approximation of non-
chosen values might continue to be bad, and a lot of exploration could be needed to
avoid getting stuck in sub-optimal discrete choices.

2.4.2 Why the post-decision value function?

We could also have written the Bellman equation as

vt(st) = σε,t (st) log

 ∑
j∈{1,2,...,#d}

exp

(
vt(st, dj

t)

σε,t (st)

) (17)

vt(st, dt) = max
at∈At(st,dt)

ut(st, dt, at) + β

h(st) if t = T − 1

Et [vt+1(st+1)] else,
(18)

where vt(st) is the beginning-of-period value function. Instead of approximating vt,
we could approximate vt or vt. The downside of this would be that we in step 3
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Algorithm 3 Updating parameters

If k = 0, set target network parameters θ̌−1
v = θ−1

v and θ̌−1
πa = θ−1

πa .
1. Compute the value targets ṽt,i for all st,i ∈ Bk with t < T − 1 using Algorithm

(2) with the lagged target network parameters, θ̌−1
πa and θ̌−1

v .
2. Update the value network to θk

v for #v epochs using the loss function

Lv

(
θv;Bk

)
=

1∣∣Bk
∣∣ ∑

i,t,st,i∈Bk

(
v (t, st,i; θv)− ṽt,i

)2 (15)

Update the value target parameters: θ̌k
v = τθk

v + (1 − τ)θ̌k−1
v .

3. If k > kπa : Update the policy network to θk
πa for #π epochs using the loss

function

Lπa(θπa ;Bk) = − 1∣∣Bk
∣∣ #d

∑
i,t,st,i∈Bk

∑
dj

t,i∈Dt(st,i)

vt,i,j (16)

where

vt,i,j = ut(d
j
t,i, ãj

t,i, dj) + β

{
h(s̃t,i) if t = T − 1
v
(
t, s̃t,i; θk

v
)

else,(
ã0

t,i, ã1
t,i, . . . , ã#d−1

t,i

)
= π(t, st,i; θk

πa)

s̃t,i = Γt(st,i, ãt,i, dj
t,i).

Update the target policy parameters: θ̌k
πa = τθk

πa + (1 − τ)θ̌k−1
πa .
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of Algorithm 3, we would need to keep track of derivatives inside the expectation
operator when updating of θπa . The upside is that the computation of the target in
step 1 becomes easier, but this is not the computational bottleneck anyway.

2.4.3 Implementation

Implementing the solution algorithm in practice requires a number of choices:

1. Initialization and structure of the policy and value neural networks.

2. Final activation functions for policy network.

3. Size of training sample, replay buffer and training batch.

4. Optimizer, learning rates and number of epochs for the policy and value pa-
rameters.

5. Degree of exploration in simulation.

6. Degree of smoothing in target policy and value networks.

7. Termination criteria.

We explain this in detail in Appendix A.1. However, we note two things here. First,
we structure time input as T dummies, i.e.

tdum = {1(t = 0), 1(t = 1), . . . , 1(t = T − 1)}.

Second, we implement a version of ensemble learning by training multiple value
networks at once. We draw independent initial parameters for #v different value
networks indexed by m. In Algorithm 3, we update the value networks independent
in step 2, and in step 3, we use the average across value networks, i.e.

v
(

t, s̃t,i; θk
v

)
=

1
#v

#v−1

∑
m=0

v
(

t, s̃t,i; θm,k
v

)
. (19)

All those value networks are receiving the same data batches, so that the only ran-
domness averaged-out comes from the different initialization of each network. This
turns out to improve performance.

2.4.4 Using information from first order conditions

We can extend our solution algorithm to include information from the first order
conditions. We extend the value network to be approximating both the level of the
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post-decision value function and selected derivatives. In step 1, of Algorithm 3, we
compute both the level of the post-decision value and the derivatives we need. In
step 2, we update the new extended value network as before. In step 3, we train
on both the value-of-choice and squared errors in the first order condition. The first
order conditions should be zero even when they are not sufficient. The details are in
Appendix A.2.

2.4.5 Final backward induction step

Once we have solved the model, we can verify the accuracy of the solution by test-
ing, whether a single backward induction loop can improve the policy. First, we
simulate a large training sample using the so-far found policy and value networks.
We then step backward period by period training period-specific new policy and
value networks correcting the previously found across-age networks. The details
are in Appendix A.4.

2.4.6 Convex models

The DeepV algorithm can be simplified considerably for convex models without dis-
crete choices. The policy network only needs to output a single vector of continuous
choices, and taste shocks are irrelevant. Otherwise, the algorithm is the same.

3 Test Model: Multiple Durable Goods and Non-Convex

Adjustment Costs

In this section, we consider a model which we can solve with both standard dynamic
programming methods and with our deep learning algorithm. First, this allows us
to verify that the deep learning algorithm can deliver an accurate solution. Secondly,
we show that our deep learning algorithm suffers much less from the curse of dimen-
sionality than a standard value function iteration by scaling up the dimensionality
of the model.6

6 We can easily test the convex version of the DeepV in the canonical Buffer-stock model. In Appendix
A.3, we compare our deep learning solution with a very accurate Endogenous Grid Point (EGM)
method, and the DeepFOC deep learning algorithm from Druedahl and Røpke (2026), which cannot
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3.1 Model

We consider a model with a non-durable consumption good ct and D durable con-
sumption goods, dt = {d1,t, d2,t, . . . , dD,t} subject to non-convex adjustment costs.
The household has CRRA preferences over a Cobb-Douglas aggregate of non-durable
and durable consumption.

u(ct, dt) =

(
c

1−∑D
j=1 ωj

t ∏D
j=1

(
dj,t + dj

)ωj
)1−ρ

1 − ρ
(20)

dj > 0, ωj ∈ (0, 1),
D

∑
j=1

ωj < 1, ρ > 0, ρ ̸= 1,

where, for numerical stability, there is a floor under durable consumption, dj > 0.
The state variables are cash-on-hand mt, permanent income pt, and the beginning-
of-period stock of each durable good nj,t. In each period, the agent decides how
much to consume ct and how much of each durable good, dj,t, to accumulate.

When adjusting a durable good (dj,t ̸= nj,t), the household must sell the current
durable stock with a proportional loss of νj ∈ (0, 1). Consequently, whether or not
to adjust can be considered a discrete choice. End-of-period assets are given by

bt = mt +
D

∑
j=1

[(
1 − νj1(dj,t ̸= nj,t)

)
nj,t − dj,t

]
− ct. (21)

Borrowing is not allowed, bt ≥ 0. The depreciation rates for the durable stocks are
δj such that

nt+1,j = (1 − δj)dj,t. (22)

The state-transition for pt is

pt+1 = pρ
t ξt+1, log ξt+1 ∼ N (−σ2

ξ /2, σ2
ξ ), (23)

where ρ ∈ (0, 1) is the AR(1) parameter and ξt is a permanent income shock. Income

be used for non-convex models. The baseline DeepV solution method is only slightly inferior to the
EGM and DeepFOC methods in accuracy, and full equal accuracy is obtained when using multiple
value networks and information from the first order conditions.
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is then given by

yt+1 = pt+1ψt+1, log ψt+1 ∼ N (−σ2
ψ/2, σ2

ψ), (24)

where ψt+1 is a transitory income shock. Future cash-on-hand then is

mt+1 = (1 + r)bt + yt+1, (25)

where r > 0 is the interest rate. The calibration is shown in Appendix B.1.

3.2 Implementation

We now turn to how we implement our deep learning algorithm in practice. We
focus on the complicated case with D = 2 durable goods. Here there are four discrete
options, ιt ∈ {1, 2, 3, 4}, specifically (i) keep both durables, (ii) adjust durable d1,t, (iii)
adjust durable d2,t, and (iv) adjust both durables.

Policy network outputs. We set up the policy networks such that it has 8 outputs,
and we use a sigmoid for the final activation function to ensure each output is be-
tween zero and one. The continuous policy outputs are linked to the discrete choices
as follows:

1. No adjustment, ιt = 1: λe,1
t ∈ [0, 1].

2. Adjust durable 1, ιt = 2: λe,2
t , λc,2

t ∈ [0, 1].

3. Adjust durable 2, ιt = 3: λe,3
t , λc,3

t ∈ [0, 1].

4. Adjust both durable 1 and 2, ιt = 4: λe,4
t , λc,4

t , λd,4
t ∈ [0, 1].

To calculate the actual continuous choices based on the continuous policy outputs,
we first calculate total resources available for spending,

xιt
t = mt + (1 − ν1)1(ιt ∈ {2, 4}) + (1 − ν2)1(ιt ∈ {3, 4}) (26)
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and then use following formulas

ct =

λe,ιt
t xιt

t if ιt = 1

λe,ιt
t λc,ιt

t xιt
t else

(27)

d1,t =

n1,t if ιt ∈ {1, 3}

λιt
k,tx

ιt
t else

(28)

d2,t =


n2,t if ιt ∈ {1, 2}

λιt
k,tx

ιt
t if ιt = 3(

1 − λιt
k,t

)
xιt

t else

(29)

bt =
(
1 − λe,ιt

t
)

xt (30)

This also automatically ensures that the borrowing constraint is fulfilled, bt ≥ 0. This
implementation is not unique. In our replication package, we consider an alterna-
tive, where the output of the neural network are budget shares. The performance is
similar.

Network architecture. The value and policy networks both have two hidden lay-
ers with 500 neurons each. For activation functions, we use ReLU in intermediate
layers for both networks. We train 3 independent value networks and average their
predictions to reduce the bias from initialization. Learning rates are set to 10−3 for
both networks and decay by a factor of 0.9999 per iteration down to a minimum
of 10−5. Training of the policy network begins after iteration 50 to allow the value
networks to stabilize. The smoothing parameter for the target networks is τ = 0.20.

Numerical integration. We use Gauss-Hermite quadrature with Nξ = 4 nodes for
permanent income shocks and Nψ = 4 nodes for transitory shocks, implying 4× 4 =

16 quadrature points per period.

Training and validation sample. Each iteration simulates a training sample of N =

150 households, and the batch size is the same. The replay buffer has a memory of
8 · 150 = 1, 200. The average lifetime reward is evaluated every ∆R = 10 iterations
using a validation sample of N = 100, 000 agents.
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Exploration. For continuous actions, the exploration noise in training is Gaussian
with a fixed standard deviation of 0.10. We induce exploration across discrete choices
by scaling the taste shocks with a factor of 1.05 in training.

The final details on the implementation are found in Appendix B.2.

3.3 Results

We run our deep learning algorithm for 120 minutes for D = 1 and 180 minutes
for D = 2. We use a NVIDIA H100 GPU with 80GB RAM. We compare our deep
learning solution to a standard dynamic programming solution using a parallelized
version of VFI in C++, on a machine with 72 CPU cores (two Intel Xeon Gold 6254,
3.1 GHz). We use multi-starts of the Method of Moving Averages (MMA) to find the
optimal choices for adjuster and keepers. We set the following grid sizes: #a = 200,
#m = #n = #x = 150 and #p = 100. We then simulate the obtained solution on
the same validation sample as in the deep learning algorithm. Appendix Table B.1
reports all the relevant hyperparameters used.

Average lifetime rewards.

We first evaluate the relative accuracy of the two solutions by comparing average
lifetime rewards, i.e. average expected discounted utility. Specifically, we report a
transfer-equivalent measure. This measure expresses the welfare difference between
the deep-learning (DL) and dynamic programming (DP) solutions as the transfer in
initial cash-on-hand that would make an agent following the DP policy indifferent
to switching to the DL policy.

Figure 1 reports the required transfer in basis points of initial cash-on-hand over
computational time. A positive value indicates that households would be willing
to give up resources to use the DL solution rather than the DP benchmark. After
roughly 120 minutes, the algorithm plateaus at an implied willingness to pay of
about 4 basis points of initial cash-on-hand to use the DL solution rather than DP,
in the 1D case, and 5 basis points in the 2D case. The vertical blue and orange lines
mark the DP run times in the one – and two-dimensional cases, respectively. The DL
method attains a similar accuracy to the DP solution after roughly 20 minutes for the
1D case and after 90 minutes for the 2D case. Both obtain a slightly higher objective
at the end of training.

This comparison also illustrates how our algorithm alleviates the curse of dimen-
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Figure 1: Non-Convex Durables Model: Convergence

Notes: The x-axis shows time in minutes, while the y-axis shows the transfer required to make agents
indifferent between the DP solution and the current DL solution. When below 0, this means that the
agent would have demanded a transfer of x units of cash-on-hand to use the DL solution instead
of the DP one. When above 0, it means that the agent would have demanded a transfer of x units
of cash-on-hand to use the DP solution instead of the DL one. We only show the transfer when the
algorithm improves.

sionality. In DP, adding one durable good increases solving time from under 20
minutes to over 13 hours. By contrast, our DL algorithm requires only an additional
40 minutes to match DP accuracy. Section 3.5 shows that the extended algorithm
targeting the first-order condition improves performance further, making the DL al-
gorithm competitive with DP even in the single-durable-good case.

We also compute a single backward step starting from our baseline solution (see the
algorithmic details in Appendix A.4) . This allows us to check whether it is possible
to improve on our current solutions. Running a backward step for 120 minutes does
not meaningfully improve our solution.

Euler-errors.

Figure 2 also confirms the accuracy of the deep learning method, plotting the log-10
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Figure 2: Non-Convex Durables Model: log-10 Euler errors

Notes: Each figure compares log-10 absolute Euler errors for the DL solution (orange) with the DP-
solution (grey). We exclude constrained households from the sample if their post-decision cash-on-
hand is sufficiently close to the borrowing constraint: mt ≤ e−2, and households in the last period.
Vertical dashed lines show the average errors in the sample.

absolute Euler errors in the validation sample for both methods, defined as

log Euler errors = log10

∣∣∣∣∣u
′−1(β(1 + r)E[u′(ct+1,i, dt+1,i)]

ct,i
− 1

∣∣∣∣∣ .

The average Euler error is slightly higher with our deep learning algorithm com-
pared to the dynamic programming one, but remains below -2, so that, on average,
households in our simulation sample make mistakes equivalent to less than 1 per-
cent unit of consumption.

Life-cycle profiles.

We finally ensure that the life-cycle profiles of the two solutions are similar in terms
of average, percentiles and distributions of state and choice variables. Figures 3 and
4 plot the average, 25th and 75th percentiles life-cycle profiles in the model, for both
solutions. We find no visible differences between the two, a fact confirmed by Tables
1 and 2, which computes the key moments and correlations for each state and choice
variables for the model with 2 durable goods.7

Similar average outcomes may however mask distributional differences. We thus
also plot the differences in the cross-section of cash-on-hand over time for both so-

7 For the 1D case, see Appendix Tables B.2 and B.3.
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t = 0 4 9 14 19
Model DP DL DP DL DP DL DP DL DP DL

var moment

m Mean 1.00 1.00 1.09 1.09 1.17 1.16 1.11 1.11 1.00 1.00
Median 0.99 0.99 1.05 1.05 1.10 1.10 1.05 1.04 0.95 0.95
Variance 0.01 0.01 0.08 0.08 0.15 0.15 0.15 0.15 0.11 0.11
Skewness 0.30 0.30 0.86 0.86 1.16 1.14 1.21 1.22 1.02 1.04
Kurtosis 3.16 3.16 4.34 4.35 5.47 5.28 5.60 5.67 4.89 4.97

c Mean 0.58 0.59 0.77 0.77 0.82 0.82 0.89 0.89 1.18 1.18
Median 0.58 0.59 0.76 0.76 0.80 0.80 0.86 0.86 1.12 1.13
Variance 0.00 0.00 0.02 0.02 0.04 0.04 0.06 0.06 0.14 0.13
Skewness 0.64 0.46 0.54 0.55 0.68 0.69 0.82 0.83 0.96 1.00
Kurtosis 3.86 3.87 3.51 3.54 3.81 3.76 4.17 4.24 4.53 4.80

d1 Mean 0.28 0.27 0.63 0.63 0.76 0.76 0.73 0.73 0.28 0.28
Median 0.28 0.27 0.61 0.61 0.74 0.74 0.70 0.70 0.22 0.23
Variance 0.00 0.00 0.04 0.04 0.06 0.06 0.06 0.06 0.02 0.02
Skewness 0.24 0.63 0.52 0.49 0.59 0.60 0.88 0.82 1.38 1.37
Kurtosis 4.33 4.13 3.28 3.23 3.35 3.59 4.26 3.91 5.07 5.17

d2 Mean 0.13 0.14 0.34 0.34 0.41 0.40 0.40 0.40 0.16 0.15
Median 0.13 0.14 0.34 0.34 0.39 0.39 0.38 0.38 0.13 0.12
Variance 0.00 0.00 0.01 0.01 0.02 0.02 0.02 0.02 0.01 0.01
Skewness -1.12 -1.74 0.26 0.21 0.56 0.62 0.84 0.94 1.35 1.33
Kurtosis 6.27 7.76 3.07 3.12 3.46 3.79 4.20 4.88 5.30 5.17

Table 1: Moments of the Non-Convex Durables Model (2-durables)

lutions, in Figure 5 (Appendix Figure B.2 for the 1D case). If both solutions were
exactly the same, all the points would perfectly align on the 45° line. We find a
few differences, but the correlation is very high (above 0.99 in all periods), and the
mean-absolute relative difference low.

Similarly, Figure 6 plots the share of households who do the same discrete choice in
both solutions. This share is very close to 1 and relatively constant over time, again
indicating that our solution seems robust.

3.4 The role of exploration noise in simulation for convergence

The previous section mentioned the key role of exploration noise for visiting parts
of the state space outside the optimal path. Figure 7 confirms this: Without explo-
ration noise convergence (we set exploration noise for continuous actions to zero,
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Figure 3: Non-Convex Durables Model: Life cycles profiles

Notes: Each figure compares the DL solution (full line) with the DP-solution (dashed line). For con-
sumption, cash-on-hand and durables, the plot shows both the average life cycle profile (in a darker
color, in the center), and the bottom 25% and top 75% percentiles, in a lighter shade.
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Figure 4: Non-Convex Durables Model: Life cycles profiles

Notes: Each figure compares the DL solution (blue dashed-line with circles) with the DP-solution
(orange dashed line). The middle line shows the average value in the sample, while the bottom (top)
line shows the bottom 25th (top 75th) percentile values.
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t = 0 4 9 14 19
Model DP DL DP DL DP DL DP DL DP DL

Corr(m,c) 0.67 0.67 0.84 0.84 0.88 0.88 0.92 0.92 0.93 0.93
Corr(m,d1) 0.90 0.88 0.48 0.48 0.60 0.59 0.73 0.73 0.56 0.58
Corr(m,d2) 0.59 0.59 0.46 0.46 0.65 0.64 0.77 0.76 0.53 0.53
Corr(m,p) 0.01 0.01 0.80 0.80 0.82 0.83 0.87 0.87 0.94 0.94
Corr(c,d1) 0.51 0.46 0.45 0.45 0.67 0.67 0.80 0.79 0.37 0.39
Corr(c,d2) -0.06 0.01 0.49 0.49 0.72 0.71 0.82 0.81 0.45 0.45
Corr(c,p) 0.62 0.65 0.97 0.96 0.98 0.98 0.98 0.97 0.90 0.90
Corr(d1,d2) 0.40 0.33 0.16 0.15 0.52 0.52 0.71 0.70 0.25 0.26
Corr(d1,p) -0.27 -0.33 0.52 0.52 0.69 0.68 0.79 0.78 0.55 0.57
Corr(d2,p) -0.29 -0.19 0.50 0.49 0.71 0.70 0.78 0.78 0.53 0.53

Table 2: Correlations of the Non-Convex Durables Model (2-durables)

Figure 5: Cross-Section of cash-on-hand in the DL and DP Solutions for D = 2

Notes: Each panel shows the distribution of cash-on-hand in the DP vs DL solution, for a different
period. If both solutions perfectly coincided, all the points would lie on the 45° line.
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Figure 6: Share of cases where DP and DL yields same discrete choice across time

Notes: Each panel shows the share of agents making the same discrete choice across both DP and DL
solution methods, across periods.

and don’t increase the variance of taste shocks during simulation) is much slower
and a solution as good as the DP benchmark is never reached. The intuition relates
to the moving-target nature of our algorithm. The policy network is updated using
the value network, which is itself trained on data generated by the current policy.
For the policy update to be effective, the post-decision value function must be accu-
rately approximated not only at the states visited under the current policy, but also
in a neighborhood around them — otherwise, gradient-based policy improvements
have no reliable signal to follow. Without exploration, the value network is only
trained on states along the current (sub-optimal) policy path, creating a circular de-
pendency: inaccurate off-path value estimates prevent the policy from improving,
and the unchanged policy never generates off-path data. Exploration noise breaks
this circularity by enriching the training sample with states beyond those implied by
the current policy, allowing the value network to generalize over a broader region of
the state space and thereby accelerating convergence. We also find that adding more
noise (twice the size of exploration noise for continuous actions and for taste-shocks
during simulation) to our baseline algorithm slightly improves the solution, but by
a relatively small amount, suggesting that our current level of exploration noise is
appropriate.
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Figure 7: Non-Convex Durables Model: Convergence

Notes: The x-axis shows time in minutes, while the y-axis shows the transfer required to make agents
indifferent between the DP solution and the current DL solution for three algorithms: our benchmark
case, in blue, the same algorithm without any exploration noise, in orange, and a higher value of
exploration noise in green. We only show the transfer when the algorithm improves.
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(a) Convergence (b) Euler error

Figure 8: Using information from first order conditions (D = 1)

Notes: These figures show a comparison of a DP solution, our baseline DL solution and a DL extended
with information from the Euler-equation. See Figure 1 and 2 for details on each plot.

3.5 Information from first-order conditions and ensemble learning

We now evaluate the two extensions introduced in Section 2.4.4: Targeting the Euler
equation and training multiple neural networks to reduce initialization bias (algo-
rithmic details in Appendix A.2). Figure 8 compares three specifications: (i) our
baseline with ensemble learning but without FOC targeting, (ii) a model adding the
FOC as a target, and (iii) a model with neither FOC targeting nor multiple networks.
The extended algorithm converges faster and yields smaller Euler equation errors
than both the alternative DL and DP solutions.
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4 A Large-Scale Non-Convex Life-Cycle Model

We now consider a large-scale life-cycle model, where households make decisions
regarding their labor supply, consumption, housing, and financial portfolio of risky
and safe assets. This model cannot be solved with conventional methods, but can
still be solved with our deep learning algorithm in a feasible number of hours on a
single GPU.

4.1 Model

The model is divided into three blocks, (i) employment, (ii) housing and mortgages,
and (iii) portfolio choices. Each of these blocks entails a discrete choice, respectively
denoted de

t , dh
t and dp

t , or together dt = (de
t , dh

t , dp
t ). First, the states, st, for the house-

hold problem are

1. Employment block:

(a) Job-opportunity status, et,

(b) Human capital, pt,

(c) Current wage, wt,

2. Housing block:

(a) Current house price, ph
t ,

(b) Housing stock, ht,

(c) Mortgage balance, Lt,

3. Portfolio block:

(a) Risky financial assets, at,

(b) Risk-free financial assets, bt.

Secondly, depending on its discrete choice, the household make a subset of the fol-
lowing continuous choices:

1. Consumption, ct,

2. Housing stock, h̄t+1 ,

3. Mortgage balance, L̄t+1,

4. Risky financial assets, āt,

5. Risk-free financial assets, bt,

6. Housing services, h̃t, (= h̄t for owners and buyers).
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Formally, we denote the discrete choice set as D(st) and the implied continuous
choice set as Y(st, dt) such that:

dt ∈ D(st), yt ∈ Y(st, dt).

States and choices imply the post-decision states, st = Γ(st, dt, yt), which are:

1. Employment status, ℓ̄t,

2. Housing stock, h̄t,

3. Mortgage balance, L̄t,

4. Risky financial assets, āt (end-of-period),

5. Risk-free financial assets, bt (end-of-period).

The stochastic shocks, zt, are:

1. Human capital shock, ε
p
t ,

2. Job-offer shock, εe
t,

3. Wage offer, ωt,

4. Job-destruction shock, εu
t ,

5. Risky rate, ra
t .

Together, the post-decision states and the shocks determine next period states, st+1 =

Γ(st, zt+1). Preferences are a Cobb-Douglas aggregate of non-housing consumption
ct and housing services h̃t, with a disutility of work χe. Per-period utility is

u(ct, h̃t, ℓt) =
(cα

t h̃1−α
t )1−σ

1 − σ
− χeℓt, (31)

where 0 < α < 1 and σ > 0. The household maximizes expected lifetime utility

max
dt∈D(st),yt∈Y(st,dt)

E0

[
T−1

∑
t=0

βtu(ct, h̃t, ℓt)

]
. (32)

The recursive formulation is

vt(st) = max
dt ∈D(st),yt ∈Y(st,dt)

u(ct, h̃t, ℓt) + βEt[vt+1(st+1)], (33)

subject to the state and post-state transition functions, and with terminal value vT(·) =
0.
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Budget constraint The total available resources are

mt = me
t + mh

t + mp
t , (34)

where me
t , mh

t , and mp
t denote the net cash flows from the employment, housing, and

portfolio blocks. Let xh
t denote the funds allocated to housing expenses, and xp

t the
funds allocated to financial saving. The per period budget constraint is

ct + xh
t + xp

t = mt. (35)

i) Employment block. The labor market follows a job-ladder structure in which the
household chooses whether to work (de

t = E) or not (de
t = U). If employed, earnings

are labor income equal to the product of its human capitalpt and current wage wt. If
not employed, it receives unemployment benefits min{χu pt, ū}, where ū is a cap on
unemployment benefits. The cash-on-hand from the job ladder block is therefore

me
t =

min{χu pt, ū} if de
t = U

ptwt if de
t = E

. (36)

Human capital evolves stochastically, with drift parameters that differ by employ-
ment status:

log pt+1 = log pt + σpε
p
t +

µp,u if de
t = U

µp,e if de
t = E

, (37)

where µp,e ≥ µp,u, and ε
p
t is i.i.d. normal.

Each period, households may decide to work (de
t = E) only if they have a job oppor-

tunity available to them et = 1,

de
t ∈

{E, U} if et = 1

{U} if et = 0
. (38)

Employment status is
ℓt = 1{de

t ∈ {E}}. (39)

Households are subject to a job-offer shock εe
t = {0, 1} with probabilities (1− πe), πe
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and a job-destruction shock εu
t = {0, 1} with probabilities (1 − δe), δe, such that

Pr [et+1 = 1 | de
t ] =

1 − δe if de
t = E

πe if de
t = U

(40)

Pr [et+1 = 0 | de
t ] =

δe if de
t = E

1 − πe if de
t = U.

Each job-offer has a wage ωt drawn from Fω. Households who are working this
period and receive a new job-offer automatically accept a new job offer if ωt > wt.
In sum,

wt =

ωt if et = 0

max {ωt, wt} if et = 1
. (41)

ii) Housing block. Housing decisions are made over both tenure and finance. At the
start of the period the household chooses whether to rent (dh

t = R), remain an owner
without adjusting (dh

t = O), buy a new house (dh
t = B). Renters choose how much to

rent, h̃t and buyers choose how much to buy, ht+1. Buyers also choose mortgage size
Lt+1. The net cash-flow effect of the housing block is

mh
t =


max(0, (ph(1 − τh)− δh)ht − Lt(1 + rL)) if dh

t = R,

−δhht − ft(Lt) if dh
t = O,

(ph
t (1 − τh)− δh)ht − Lt(1 + rL + τL) if dh

t = B,

(42)

where

• ph is the house price,

• τh is the housing transaction cost rate,

• δh is depreciation cost rate,

• ft(Lt) is the mortgage repayment (see below),

• rL is the interest rate on mortgages,

• τL is mortgage transaction cost rate.

We follow Kaplan et al. (2019) and assume that mortgages are repaid according to
the following function

ft(Lt) = Lt
rL (1 + rL)T−t

(1 + rL)
T−t − 1

. (43)
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The rental rate is rh. The required funds from the household block therefore is

xh
t =


rhh̃t if dh

t = R

0 if dh
t = O

phht+1 − Lt+1 if dh
t = B

. (44)

The law of motion for the housing stock and mortgage balance reflects the discrete
choice

ht+1 =


0 if dh

t = R

ht if dh
t = O

choice if dh
t = B

. (45)

Lt+1 =


0 if dh

t = R

Lt(1 + rL)− ft(Lt) if dh
t = O

choice if dh
t = B

The mortgage choice is subject to a Loan-to-Value (LTV) constraint

0 ≤ Lt+1 ≤ κphht+1,

which must be met only when a household is buying or refinancing. Owners who
do not adjust may carry forward an Lt above the ceiling if house prices fall.

The utility flow of housing is

h̃t =

choice if dh
t = R

ht+1 if dh
t = {O, B}

. (46)

Given the Cobb-Douglas specification of the utility function, the intratemporal first-
order condition on housing for renters implies that

h̃t =
1 − α

rh
ct

α
if dh

t = R. (47)

(iii) Portfolio block. The portfolio block describes the accumulation of risky assets at

and safe assets bt. The safe asset yields a constant return rb, while the risky asset
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yields ra
t drawn from an exogenous process. At the start of the period the household

decides whether to keep their existing risky assets (dp
t = K) or to adjust it (dp

t = A).
Adjusting incurs a fixed cost Fadj. The cash flow from this block is

mp
t =

bt dp
t = K,

bt + at − Fadj dp
t = A.

(48)

while the cash out-flow from this block is

xp
t =

b̄t dp
t = K,

b̄t + āt − Fadj dp
t = A.

and the stock of risky and safe assets are

āt =

at dp
t = K,

choice dp
t = A.

, (49)

b̄t = choice. (50)

Short sales and borrowing are ruled out, so that āt, b̄t ≥ 0.

4.2 Implementation

Policy network outputs. Instead of choosing the levels of the choice variables, we
implement the continuous choices in the following way: Agents choose the savings
rate λs

t , the share of risky assets λa
t , the share of expenses spent on housing λh

t , and
the mortgage leverage λL

t , defined as:

āt + b̄t = λs
tmt,

āt = λa
t λs

tmt,

xh
t = (1 − λs

t)λ
h
t mt,

L̄t = λL
t κphht+1.

We then use the sigmoid function as the final activation function for all variables,
ensuring that all outputs are between 0 and 1. This implementation ensures that all
choices outputted by the policy network will be feasible.
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Network architecture. Both the policy and the value networks have an architec-
ture composed of two hidden layers of 500 neurons each. Activation functions for
the output layer of the policy networks are set to sigmoid, to ensure that all the con-
tinuous choices are between 0 and 1. We train three distinct value networks during
training, and use the average over the 3 during training and simulation. This allows
us to reduce the noise induced when training the value function, which could propa-
gate to both the continuous and discrete policy-functions during training. Learning
rates are set to 10−4 for the policy network and 10−3 for the value networks, both
decaying by a factor of 0.9999 per iteration with minimum rates of 10−5.

Numerical integration. We use the Gauss-Hermite quadrature method with 5 nodes
per continuous shocks to approximate the expectation operator. Combined with the
two discrete shocks (job-finding and job-loss), this yields 2 × 2 × 5 × 5 × 5 = 250
quadrature nodes per period.

Training and validation sample. We simulate a training sample of N = 150 agents
in each iteration and maintain a replay buffer with memory size 8, implying a total
buffer capacity of 1200 agents. The batch size used in the stochastic gradient up-
dates equals the size of the contemporaneous training sample. Using a relatively
small training sample reduces the cost of each episode, allowing the algorithm to
run through more episodes per unit of wall-clock time. In combination with the re-
play buffer, this allows exploring a larger part of the state-space, especially early-on,
when the policies used in simulation are very imprecise.

We use a validation sample of size N = 100, 000, used to compute the average life-
time reward of policies over the training time. At the end of training, we recompute
the average lifetime rewards for Nreps = 10 different validation samples.

Exploration. Exploration is introduced through two channels. For continuous ac-
tions (savings, portfolio shares, housing investment, and leverage), we add exploration-
noise to the policy output with standard deviation σa = 0.25. For discrete choices,
exploration is implemented by scaling the standard deviation of the Gumbel taste
shocks by a factor 1.05 during training. Both mechanisms increase coverage of the
effective state-action space.
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Parameter Value Description Source

Householdspreferences
T 20 Maximum-lifetime
σ 2 CRRA
β 0.90 Discount factor
α 0.89 Cobb-Douglas consumption preference share

Jobladder
πe 0.20 Job-finding probability
δe 0.05 Job-loss probability
σw 0.20 Std dev.of job offers
χu 0.10 Unemployment-benefits parameters
ū 0.30 Maximum unemployment-benefits
µpe, µpu (0.0035, -0.0035) Mean human capital accumulation
p 0.10 Lower bound on human capital

Portfolio
σr 0.16 Std.dev. of risky returns
κ = E[ra

t ]− rb 0.03 Equity premium
F 0.05 Fixed cost of portfolio choice

Housing
τh 0.05 Adjustment cost on housing
τL 0.05 Adjustment cost on mortgages
κh 0.90 1-downpayment share
rm 0.08 Mortgage interest rate
ϕ 0.06 Rent-to-price ratio

Table 3: Calibration

Backward. We perform a backward step of 3 hours to check the accuracy of our
training, with a training sample of size N = 100, 000. Each value and policy network
per period has two hidden layers of 50 neurons each.

Hardware. We run the algorithm for 12 hours on an H100 GPU with 80 GB of RAM.
Appendix TableC.1 reports all the relevant hyperparameters used.

4.3 Calibration and Results

Life cycle profile. Figure 9 reports the life-cycle profile of this model with N =

100,000 households over T = 20 periods. The main life-cycle patterns follow the
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classic shape observed in this class of models: consumption increases steadily over
time while the savings rate follows a hump-shape. Although the model does not
feature explicit retirement, households endogenously exit the labor market as they
age and accumulate enough financial and real assets. Wages and human capital
also follow this hump-shape pattern. Average wages decline and human capital is
gradually disaccumulated when households start leaving the labor market.

Portfolio dynamics exhibit a rebalancing motive: households accumulate relatively
more risky assets in mid-life, before reallocating towards safe assets towards the end
of their life. This is consistent with most typical financial advice to reallocate towards
safe assets as households reach their retirement age where they will consume most of
their wealth. Housing choices are also hump-shaped: the homeownership rate peaks
in mid-life, leverage remains modest throughout, and the per-period purchase rate
(share of buyers) is relatively high.

Accuracy. Figure 10 plots average log-10 Euler errors. They cluster around -2, with
a heavier left-tail, indicating that our solution is accurate relative to this first order
condition. Note that, in our current implementation of the algorithm, we haven’t
targeted the Euler error explicitly.

Figure 11 shows the total expected reward over computation time, expressed as
transfer equivalents relative to the final solution. We compute the transfer that
makes a household indifferent between the solution available at each point in com-
putation time and the final converged solution. We finally perform a backward itera-
tion for 180 minutes, starting from the converged solution, and compare the results.
We find that it does not find a better solution, suggesting that our algorithm has
converged and found an approximately optimal solution.

Finally, Figure 12 plots some moments of the simulated sample over the training
time. We compute the mean of consumption (share of discrete choices) over agents
and time using our validation sample, and plot it at each iteration. We find that the
solution stabilizes over training time and does not significantly change in the last
hours of training time.
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Figure 9: Large-Scale Life Cycle Model: Life cycles profiles

Notes: Each panel shows the average value in the sample, per period, of a given variable. The upper
shaded line shows the value for the top 75th percentile, while the bottom line shows the correspond-
ing value for the bottom 25th percentile.
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t = 1 t = 9 t = 14 t = 19
var moment

a Mean 0.000 1.124 1.514 0.023
Median 0.000 1.055 1.358 0.000
Variance 0.000 0.795 1.685 0.029
Skewness 61.064 1.024 0.789 8.385
Kurtosis 5115.279 5.384 3.606 80.901

b Mean 0.257 0.476 0.606 0.486
Median 0.276 0.225 0.243 0.189
Variance 0.039 0.335 0.690 0.290
Skewness 0.165 1.318 2.250 0.538
Kurtosis 2.309 4.655 10.267 1.755

c Mean 0.647 0.937 1.011 1.024
Median 0.654 1.020 1.112 1.042
Variance 0.021 0.116 0.119 0.110
Skewness -1.046 -0.839 -1.049 -0.428
Kurtosis 5.996 2.989 3.490 4.690

h Mean 0.134 0.816 0.895 0.533
Median 0.000 1.038 1.071 0.000
Variance 0.052 0.502 0.622 0.393
Skewness 1.368 -0.011 0.057 0.522
Kurtosis 3.509 1.447 1.498 1.655

m Mean 0.002 0.000 0.001 0.006
Median 0.000 0.000 0.000 0.000
Variance 0.000 0.000 0.001 0.003
Skewness 8.776 52.877 27.760 11.510
Kurtosis 88.465 3512.594 899.486 155.262

w Mean 1.107 1.248 1.252 1.045
Median 1.089 1.260 1.275 1.027
Variance 0.036 0.050 0.057 0.047
Skewness 0.616 -0.128 -0.213 0.472
Kurtosis 3.784 3.430 3.093 3.253

p Mean 1.004 1.031 1.046 1.049
Median 0.999 1.020 1.031 1.031
Variance 0.012 0.024 0.033 0.040
Skewness 0.315 0.455 0.517 0.574
Kurtosis 3.197 3.409 3.480 3.615

Table 4: Main Moments of the Large Model
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t = 1 t = 9 t = 14 t = 19
Correlation

Corr(a,b) 0.079 0.012 0.090 -0.096
Corr(a,c) 0.058 0.661 0.634 0.122
Corr(a,h) -0.014 0.175 0.172 -0.058
Corr(a,m) -0.003 0.013 0.090 0.416
Corr(a,w) 0.081 0.496 0.455 -0.010
Corr(a,p) 0.018 0.299 0.303 0.001

Corr(b,c) 0.115 0.110 0.177 0.178
Corr(b,h) -0.762 -0.614 -0.327 -0.735
Corr(b,m) -0.179 -0.012 -0.010 -0.067
Corr(b,w) 0.182 0.075 0.013 0.020
Corr(b,p) 0.078 0.089 0.235 0.092

Corr(c,h) 0.238 0.409 0.405 0.350
Corr(c,m) -0.004 -0.027 0.000 0.064
Corr(c,w) 0.561 0.686 0.632 0.127
Corr(c,p) 0.469 0.382 0.376 0.308

Corr(h,m) 0.175 -0.015 -0.005 0.055
Corr(h,w) 0.197 0.279 0.263 0.019
Corr(h,p) 0.107 0.144 0.182 0.118

Corr(m,w) -0.057 -0.031 -0.056 -0.007
Corr(m,p) 0.063 0.013 0.032 -0.000

Corr(w,p) 0.003 0.036 0.006 -0.086

Table 5: Main Correlations of the Large Model
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Figure 10: Large-Scale Life Cycle Model: Euler errors (log 10)

Notes: This figure shows the distribution of Euler Errors for unconstrained agents, bundled for all
periods. See Figure 2 for details.
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Figure 11: Large-Scale Life Cycle Model: Average Lifetime Rewards

Notes: The x-axis shows time in minutes, while the y-axis shows the transfer required to make agents
indifferent between the final solution and the current DL solution. When below 0, this means that the
agent would have demanded a transfer of x units of cash-on-hand to use the current solution instead
of the final one. We only show the transfer when the algorithm improves.
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Figure 12: Large-Scale Life Cycle Model: Moments over Training Time

Notes: The x-axis shows training time in minutes, while the y-axis plots the mean of consumption in
the sample, over the entire lifetime, for the first panel, and the share of worker / adjuster / buyer, for
the remaining one. A stabilizing line indicates that the solution does not meaningfully change over
training time.
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5 Conclusion

This paper develops a deep learning solution method, DeepV, for finite-horizon dy-
namic models with non-convexities and discrete-continuous choices, combining a
post-decision value network with a continuous-policy network trained via simu-
lation. We test our algorithm on two models: a durable-goods model with non-
convexities, and a large-scale life cycle model with a job-ladder, a portfolio block,
and a housing block. The approach matches dynamic programming in accuracy
while becoming relatively more efficient as dimensionality increases, and scales to a
large life-cycle model with employment, housing, and portfolio blocks that delivers
plausible profiles and low Euler-errors. We also provide a transparent python library
to reproduce our results and solve general life-cycle models with non-convexities.
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A Algorithm

A.1 Hyper-parameters

This appendix describes the main hyper-parameters of the algorithm.

Training sample, validation sample, and replay buffer.

1. Simulation sample of size Nsimul (also used as validation sample)

2. Training sample size N

3. Buffer memory: Replay buffer memory size.

4. Batch size: Size of the batch used for the ADAM optimizer

Neural network architecture.

1. Number of hidden layers and neurons for the policy network.

2. Number of hidden layers and neurons for the value network.

3. Number of value networks to train.

4. Final activation function for the policy function,

Learning rates.

1. Policy function learning rate, decay, and minimum value.

2. Value function learning, decay, and minimum value .

3. τ: update coefficient for the targets networks.

Exploration.

1. σεa
: variance of exploration noise for continuous variables (along with poten-

tial decay and minimum value).

2. σεd
: scaling parameter for the taste-shock, used as exploration during simula-

tion.

Convergence & Epochs.

1. ∆R: frequency of large simulation evaluation using the validation sample.

2. Ktime : minimum training time .

3. #π, #v: number of epochs for policy and value update .

A.2 First order conditions and Multiple Value Networks

We can extend our solution algorithm to include information from first order condi-
tions and allow for multiple value networks. To do so, we replace the Algorithms 2
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and 3 with the Algorithms A.2 and A.3.

Targeting first-order conditions. We extend the value network to be approximat-
ing both the level of the post-decision value function and selected derivatives. We
assume that some relevant first order conditions in vector form can be written as

g (st, at, qt) = 0 (51)

where qt = q(s̄t) contains the relevant post-decision marginal values. We define q
and qh as

q(s̄t) =

qh(s̄t) if t = T − 1

Et [q(t + 1, st+1, at+1)] else
(52)

where q(t+ 1, st+1, at+1) is the marginal reward. We denote by dv(•) the analytically
derived derivative of the value function using the Envelope theorem.

Details are included in Algorithms A.2 and A.3. Importantly, we now compute both
the level of the post-decision value and some of its derivatives. We then train on
both the value-of-choice and squared errors in the selected first order condition. We
introduce the positive weight parameters κq > 0 and κFOC > 0. Note that, when
#v = 1 and κq = κFOC = 0 we are back at the baseline DeepV algorithm from
Section 2.

Multiple value networks. We implement a version of ensemble learning by training
multiple value networks at once. We draw independent initial parameters for #v dif-
ferent value networks indexed by m. In Algorithm 3, we update the value networks
independently in step 2, and in step 3, and use the average across value networks,
i.e.

v
(

t, ˜̄st,i; θk
v

)
=

1
#v

#v−1

∑
m=0

v
(

t, ˜̄st,i; θm,k
v

)
. (53)

All value networks receive the same data batches, so that the only randomness
averaged-out comes from the different initialization of each network. This turns
out to improve performance.

48



Algorithm A.2 Value and marginal value target
Given post-decision state s̄t,i and network parameters θv and θπa compute

ṽt,i = σε log

 ∑
j∈{0,1,...,#d−1}

exp
(

ṽj
t,i/σε

) (54)

q̃t,i = Ez
t

 ∑
j∈{0,1,...,#d−1}

p̃j
t,i · dv

(
s̃j

t+1, ãj
t+1,i, d̃j

t+1

) (55)

where

ṽj
t,i = Ez

t

[
ut+1

(
s̃t+1,i, d̃j

t+1, ãj
t+1,i

)
+ β

{
h( ˜̄st+1,i) if t = T − 2
v (t + 1, ˜̄st+1,i; θv) else

]
(56)

p̃j
t,i = Ez

t

 exp
(

ṽj
t,i/σε

)
∑#d−1

k=0 exp
(

ṽk
t,i/σε

)
 (57)

for j ∈ {0, 1, . . . , #d − 1} where

z̃t+1,i ∼ Fz
t+1 (s̄t,i) (58)

s̃t+1,i = Γt(s̄t,i, z̃t+1,i) (59)(
ã0

t+1,i, ã1
t+1,i, . . . , ã#d−1

t+1,i

)
= πa(t + 1, s̃t+1,i, d̃j

t+1,i; θπa) (60)

˜̄st+1,i = Γt+1(s̃t+1,i, ãj
t+1,i, d̃j

t+1). (61)
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Algorithm A.3 Updating parameters with FOC and multiple value networks

If k = 0, set target network parameters θ̌−1
v,m = θ−1

v,m for m ∈ {0, . . . , #v − 1} and
θ̌−1

πa = θ−1
πa .

1. Compute the value targets ṽt,i,m and marginal value targets q̃t,i,m for all s̄t,i ∈ Bk

with t < T − 1 using Algorithm A.2 with the lagged target network parame-
ters, θ̌k−1

πa and θ̌k−1
v,m .

2. For each m ∈ {0, . . . , #v − 1}: Update the value network to θk
v,m for #v epochs

using the loss function

Lvq

(
θv,m;Bk

)
=

1
|Bk| ∑

i,t,s̄t,i∈Bk

[(
v (t, s̄t,i; θv,m)− ṽt,i,m

)2
+ κq

(
q (t, s̄t,i; θv,m)− q̃t,i,m

)2
]

(62)
Update the value target parameters: θ̌k

v,m = τθk
v,m + (1 − τ)θ̌k−1

v,m .
3. If k > kπa : Update the policy network to θk

πa for #π epochs using the loss func-
tion

Lπa(θπa ;Bk) = − 1
|Bk| · #d

∑
i,t,st,i∈Bk

∑
dj

t,i∈Dt(st,i)

vt,i,j + κFOC · FOCt,i,j (63)

where

vt,i,j = ut(st,i, ãj
t,i, dj) + β

{
h( ˜̄st,i) if t = T − 1
v
(
t, ˜̄st,i; θk

v
)

else
(64)

FOCt,i,j =


g
(

st,i, ãj
t,i, ˜̄st,i, q

(
t, ˜̄st,i; θk

v
))2

if t < T − 1

gh

(
st,i, ãj

t,i, ˜̄st,i

)2
if t = T − 1

(65)

(
ã0

t,i, ã1
t,i, . . . , ã#d−1

t,i

)
= πa(t, st,i; θk

πa) (66)

˜̄st,i = Γt(st,i, ãj
t,i, dj

t,i) (67)

v
(

t, ˜̄st,i; θk
v

)
=

1
#v

#v−1

∑
m=0

v
(

t, ˜̄st,i; θk
v,m

)
(68)

q
(

t, ˜̄st,i; θk
v

)
=

1
#v

#v−1

∑
m=0

q
(

t, ˜̄st,i; θk
v,m

)
. (69)

Update the target policy parameters: θ̌k
πa = τθk

πa + (1 − τ)θ̌k−1
πa .
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Allowing for constraints. For the consumption-savings problem with a borrow-
ing constraint m̄t ≥ 0, the first order condition combines the Euler equation with
complementary slackness. One solution is to explicitly approximate the Lagrange
multiplier as an output of the policy network. We take another route and use in-
stead the Fischer-Burmeister function ϕFB(a, b) =

√
a2 + b2 − a − b which satisfies

ϕFB(a, b) = 0 if and only if a ≥ 0, b ≥ 0, and ab = 0. The FOC becomes

g (st, at, s̄t, qt) = ϕFB

(
u′(ct)

β · qt
− 1, m̄t

)
(70)

where qt = ∂vt/∂m̄t is the marginal value of post-decision wealth. This formulation
ensures that either the Euler equation holds with equality (u′(ct) = β · qt), or the
borrowing constraint binds (m̄t = 0).

For the terminal period with no bequest motive, the optimal policy is to consume all
wealth, so the terminal FOC simplifies to

gh (sT−1, aT−1, s̄T−1) = m̄T−1. (71)

The marginal reward for non-terminal periods is given by q(st, dt, at) = R · u′(ct),
and the terminal marginal value is qh(s̄T−1) = 0.
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A.3 Canonical buffer-stock model

The problem is fully described by the Bellman equation below:

vt(mt, pt) = max
ct

ut(ct) + βEt [vt+1(mt+1, pt+1)] (72)

s.t.

at = 1 − ct

mt

mt = atmt

mt+1 = (1 + r)mt + yt+1(pt+1, ψt+1)

pt+1 = pρp
t ξt+1, ξt+1 ∼ Fξ

t+1 = expN (−0.5σ2
ξ , σ2

ξ ),

yt+1(pt+1, ψt+1) =

κt if t ≥ Tretired

κtψt+1pt+1 else

mt ψt+1 ∼ Fψ
t+1 = expN (−0.5σ2

ψ, σ2
ψ),≥ 0

where mt is cash-on-hand, pt is persistent income, at is a savings-rate, mt is post-
decision cash-on-hand, yt+1 is income, ψt+1 is a transitory shock and ξt+1 is a persis-
tent shock. κt describes the life-cycle aspect of income.

In Druedahl and Røpke (2026), it is shown that this model can be solved efficiently
with an algorithm DeepFOC, which uses first-order conditions to solve the problem.
This algorithm cannot be applied to non-convex models, where first order conditions
are not sufficient.

Figure A.2 shows speed and accuracy of DeepV with one value network (orange
line), DeepV with 3 value neural networks (green line), DeepV using information
from FOCs (red line), DeepV using 3 value networks and FOCs (purple line). Every-
thing is compared to an EGM solution of the Buffer-stock model. The EGM solution
solves this problem in less than a second making it significantly faster than any DL
algorithm. We also show the performance of the DeepFOC algorithm in this prob-
lem (blue line). Using FOCs and multiple value networks significantly improve the
accuracy of DeepV. DeepFOC is faster and more precise than all versions of DeepV.

Figure A.3 shows speed and accuracy for the same model, but where we compare
DeepV with one, three and five value networks against the EGM solution. While
going to three value networks improve precision going to 5 has little extra effect.
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Figure A.2: DeepV for Buffer-stock model: Convergence

Notes: See description of Figure 1.

Figure A.3: DeepV for Buffer-stock model: Convergence when changing the number
of trained value networks.

Notes: The x-axis shows time in minutes, while the y-axis shows the transfer required to make agents
indifferent between the DP solution and the current DL solution. When below 0, this means that the
agent would have demanded a transfer of x units of cash-on-hand to use the DL solution instead of
the DP one. When above 0, it means that the agent would have demanded a transfer of x units of
cash-on-hand to use the DP solution instead of the DL one.
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A.4 Backward Induction

Solving the model simultaneously across time periods has a number of benefits in
terms of exploiting symmetries in policy functions across time periods. Working
on both sides of the Bellman equation might, however, cause instabilities. To check
whether this is an issue we can also do a backward-induction step to verify the ac-
curacy of the solution.

The idea is as follows: Consider having run DeepV for K episodes. Using the ob-
tained policy and value networks, we can simulate a very large sample of states.
Using that sample we can then perform backward induction period-by-period to
check whether this allows us to find a better solution. This requires a new algorithm:
DeepVBackward, described in detail in Algorithm A.4.

After having applied the baseline DeepV we have parameters θ∗πa for the policy
network and θ∗v for the value network. We now work with T independent policy
networks and T independent value networks. Let πa(t, st; θ∗πa) be the previous pol-
icy network before applying the final activation function f such that πa(t, st; θ∗πa) =

f (πa(t, st; θ∗πa)). The period t policy function is now modeled as

πa
t (st; θ∗πa , θt,π) = f (πa(t, st; θ∗πa) + πa

t (st; θt,π)) ,

where πa
t (st; θt,π) is the period t neural network with unknown parameters θt,π. Sim-

ilarly, for the post-decision value function, we model

vt(st; θ∗v , θt,v) = v(t, st; θ∗v) + vt(st; θt,v),

where vt(st; θt,v) is the period t value correction network with unknown parameters
θt,v. If the networks πa(t, st; θ∗πa) and v(t, st; θ∗v) are the true policy and value func-
tions (approximately), a backward induction step should learn that πa

t (st; θt,π) ≈ 0
and vt(st; θt,v) ≈ 0.

First, a large training sample is simulated using the previously obtained values of
θ∗πa and θ∗v . Second, we loop backwards through all the periods. In each period, we
first update the value network, and then update the policy network. For the value
network, we go through the training sample for #v epochs, where we update the
parameters in random batches, and continue with the parameters from the epoch
which gave the best average loss. For the policy network, we similarly train for #π
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epochs.

We initialize θt,π and θt,v using θt+1,π and θt+1,v respectively, except in the last pe-
riod, where the parameters are initialized such that πa

T−1(sT−1; θT−1,π) ≈ 0 and
vT−1(sT−1; θT−1,v) ≈ 0, so the initial behavior is the one implied by the previous
networks.

Algorithm A.4 DeepVBackward
Draw training sample S using previously obtained θ∗πa and θ∗v .
Initialize θT−1,π and θT−1,v so πa

T−1(sT−1; θT−1,π) ≈ 0 and vT−1(sT−1; θT−1,v) ≈ 0.
For t ∈ {T − 1, T − 2, . . . , 0} do:

1. Update value network using Algorithm A.5.
2. Update policy network using Algorithm A.6.
3. If t > 0: Set θt−1,π = θt,π and θt−1,v = θt,v.

Return θ0,π, θ1,π, . . . , θT−1,π and θ0,v, θ1,v, . . . , θT−1,v.

Algorithm A.5 DeepVBackward: Value network update
For #v epochs go through the training sample in random batches and update θt,v
using the loss function

Lv (θt,v;S) = 1
N ∑

i,st,i∈S

(
vt(st,i; θ∗v , θt,v)− ṽt,i

)2

where the value target is

ṽt,i = σε log

 ∑
j∈{0,1,...,#d−1}

exp
(

ṽj
t,i/σε

)
ṽj

t,i = Ez
t

[
ut+1

(
s̃t+1,i, d̃j

t+1, ãj
t+1,i

)
+ β

{
h(s̃t+1,i) if t = T − 2
vt+1(s̃t+1,i; θ∗v , θt+1,v) else

]

and

s̃t+1,i = Γt(st,i, z̃t+1,i), z̃t+1,i ∼ Fz
t+1 (st,i)(

ã0
t+1,i, ã1

t+1,i, . . . , ã#d−1
t+1,i

)
= πa

t+1(s̃t+1,i; θ∗πa , θt+1,π)

s̃t+1,i = Γt+1(s̃t+1,i, ãj
t+1,i, dj

t+1)

Continue with θt,v from the epoch with the smallest value loss.
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Algorithm A.6 DeepVBackward: Policy network update
For #π epochs go through the training sample in random batches and update θt,π
using the loss function

Lπ (θt,π;S) = − 1
N · #d

∑
i,st,i∈S

∑
dj

t∈Dt(st,i)

Ṽt,i,j

where

Ṽt,i,j = ut(st,i, dj
t, ãj

t,i) + β

{
h(s̃t,i) if t = T − 1
vt(s̃t,i; θ∗v , θt,v) else(

ã0
t,i, ã1

t,i, . . . , ã#d−1
t,i

)
= πa

t (st,i; θ∗πa , θt,π)

s̃t,i = Γt(st,i, ãj
t,i, dj

t)

Continue with θt,π from the epoch with the smallest policy loss.
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B Test Model

B.1 Calibration

• Time: T = 20,

• Preferences: β = 0.965, ω1 = 0.10, ω2 = 0.10,d1 = d2 = 0.10, ρ = 2.

• Income process: σψ = 0.1, σξ = 0.1,ρp = 0.95.

• Assets market: r = 0.03, κ = 0.1, δ = 0.15.

• Initial states: µs0 = 1, σs0 = 0.1, µp0 = 1, σp0 = 0.1, µn1 = 0.0, σn2 = 0.01,µn2 =

0.0, σn1 = 0.01

• Taste shocks: σϵ = 0.1

B.2 Hyper-parameters

B.3 Value function iteration

The DP-solution follows roughly the same format as the DL-solution with the ex-
ception that we do not solve the keeper and adjuster problems simultaneously. The
algorithm is a standard backwards induction loop with the following elements in
each period:

1. If not last-period: Compute post-decision value function on grids of post-
decision states: v(pt, mt, dt)

2. Solve keeper problem:

max
a0

t

u(ct, nt) + βvt(pt, nt, mt)

ct = mt(1 − a0
t )

mt = a0
t mt
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DL-1D DL-2D

Maximum number of minutes before termination 120.000 180.000
Sample size, Ntrain 150.000 150.000
Number of FOC targets 1.000 1.000
Standard deviation for initialization of weights and biases from normal distribution 0.001 0.001
Number of value networks 3.000 3.000
Neurons in the policy network [500 500] [500 500]
Neurons for value network [500 500] [500 500]
Number of quadrature points 16 16
Batch size for training 150 150
Size of replay buffer 8 8
Initial exploration noise, σϵ 0.100 0.100
Decay rate for exploration noise 1.000 1.000
Minimum exploration noise 0.000 0.000
Initial learning rate for the policy network 0.001 0.001
Decay rate for policy learning rate 1.000 1.000
Minimum learning rate for the policy network 0.000 0.000
Learning rate maximum for value functions 0.001 0.001
Decay in learning rate for value functions 1.000 1.000
Minimum learning rate for value functions 0.000 0.000
Activation function for policy network final layer sigmoid sigmoid
Activation function for policy network intermediate layers relu relu
Simulation frequency, ∆R 10 10
Start training policy after this number of episodes 50 50
Tolerance for policy loss 0.000 0.000
Activation functions for value network intermediate layers relu relu

Table B.1: Hyper-parameters
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t = 0 4 9 14 19
Model DP DL DP DL DP DL DP DL DP DL

var moment

m Mean 1.00 1.00 1.16 1.16 1.24 1.24 1.17 1.16 1.01 1.01
Median 0.99 0.99 1.11 1.11 1.17 1.17 1.09 1.09 0.96 0.96
Variance 0.01 0.01 0.10 0.10 0.18 0.18 0.18 0.18 0.11 0.11
Skewness 0.30 0.30 0.86 0.87 1.14 1.13 1.26 1.25 1.01 1.02
Kurtosis 3.16 3.16 4.15 4.15 5.15 5.09 5.86 5.81 4.76 4.88

c Mean 0.59 0.58 0.77 0.77 0.83 0.83 0.91 0.91 1.19 1.21
Median 0.59 0.58 0.76 0.76 0.81 0.81 0.88 0.88 1.13 1.15
Variance 0.00 0.00 0.02 0.02 0.04 0.04 0.06 0.06 0.14 0.14
Skewness 0.17 0.19 0.57 0.59 0.70 0.74 0.83 0.83 1.09 0.96
Kurtosis 3.03 3.11 3.56 3.58 3.76 3.93 4.40 4.33 4.85 4.54

d1 Mean 0.41 0.42 0.94 0.95 1.18 1.18 1.14 1.14 0.45 0.43
Median 0.40 0.41 0.92 0.92 1.13 1.14 1.09 1.09 0.42 0.36
Variance 0.01 0.01 0.08 0.08 0.14 0.14 0.13 0.13 0.05 0.05
Skewness 0.69 0.45 0.55 0.53 0.70 0.72 0.90 0.89 1.26 1.39
Kurtosis 3.90 3.26 3.39 3.35 3.56 3.63 4.39 4.26 5.25 5.13

Table B.2: Moments of the Non-Convex Durables Model (D = 1)

3. Solve adjuster problem:

max
a1

t ,a2
t

u(ct, dt) + βvt(pt, nt, mt)ct = mt(1 − a0
t )mt = a0

t mt

xt = mt + (1 − κ)nt

mt = a1
t xt

ct = (1 − a1
t )a2

t xt

dt = (1 − a1
t )(1 − a2

t )xt

A similar algorithm is used for the D = 2 case.
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t = 0 4 9 14 19
Model DP DL DP DL DP DL DP DL DP DL

Corr(m,c) 0.73 0.67 0.75 0.75 0.81 0.81 0.87 0.87 0.90 0.89
Corr(m,d1) 0.93 0.94 0.47 0.47 0.51 0.51 0.66 0.66 0.64 0.62
Corr(m,p) 0.01 0.01 0.73 0.73 0.75 0.76 0.82 0.82 0.94 0.94
Corr(c,d1) 0.43 0.38 0.39 0.39 0.62 0.62 0.77 0.77 0.37 0.32
Corr(c,p) 0.64 0.73 0.95 0.95 0.97 0.97 0.97 0.97 0.87 0.87
Corr(d1,p) -0.35 -0.33 0.54 0.54 0.68 0.67 0.78 0.78 0.64 0.61

Table B.3: Correlations of the Non-Convex Durables Model (D = 1)

Figure B.2: Cross-Section of cash-on-hands in the DL and DP Solutions for D = 1

Notes: Each panel shows the distribution of cash-on-hand in the DP vs DL solution, for a different
period. If both solutions perfectly coincided, all the points would lie on the 45° line.

Figure B.3: Relative distances between cash-on-hand across DP and DL

Notes: Each panel plot the share of difference of cash-on-hands (mDL − mDP)/mDP between the two
solutions, over time.
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Figure B.4: Relative distances between cash-on-hand across DP and DL with D = 2

Notes: Each panel plot the share of difference of cash-on-hands (mDL − mDP)/mDP between the two
solutions, over time.

B.4 D = 1

B.5 D = 2

B.6 Warm-starting

In this section, we investigate a »warm-starting« algorithm. The main idea is to take
an existing solution (i.e. set of parameters for the value and policy functions) as an
initial guess for a different model. We illustrate this by using the solution of our base-
line one durable goods model as a starting point for a model with a higher discount
factor (β = 0.97 vs β = 0.965). Figure B.5 compares the average lifetime reward. We
find that the warm-started solution is very accurate even early in training.
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Figure B.5: Lifetime-Reward with Warm-Starting

Notes: The x-axis shows time in minutes, while the y-axis shows the transfer required to make agents
indifferent between the DP solution and the current DL solution. When below 0, this means that the
agent would have demanded a transfer of x units of cash-on-hand to use the DL solution instead
of the DP one. When above 0, it means that the agent would have demanded a transfer of x units
of cash-on-hand to use the DP solution instead of the DL one. We only show the transfer when the
algorithm improves.
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C Large life-cycle model

C.1 Summary

We have the following state variables:

1. Portfolio block:

(a) at: risky asset position

(b) bt: safe asset position

2. Job ladder block:

(a) et: employment opportunity

(b) wt: current wage

(c) pt: stock of human capital

3. Housing block:

(a) ht: stock of housing

(b) Lt: stock of mortgage

The following discrete-choices:

1. Portfolio block: dp
t ∈ {K, A}, where K is being a keeper, A an adjuster

2. Housing block: dh
t ∈ {R, O, B} whereR is being a renter,O an owner,B a buyer

3. Job-ladder block: de
t ∈ {U, E}where U is not working (unemployed), E is em-

ployed.

The following continuous-choices:

1. The savings rate: ss
t =


bt+1
mt

if dp
t = K

at+1+bt+1
mt

if dp
t = A

2. Risky portfolio share: sp
t =

0 if dp
t = K

at+1
at+1+bt+1

if dp
t = A

3. Housing spending share: sh
t =


h̃trh

t
(1−ss

t)mt
if dh

t = R

0 if dh
t = O

ph
t ht+1−Lt+1
(1−ss

t)mt
if dh

t = B

We have the following post-decision state transition functions:

1. Portfolio block
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(a) Risky assets: āt =

at if dp
t = K

mtss
ts

p
t if dp

t = A

(b) Safe assets: b̄t =

mtss
t if dp

t = K

mtss
t(1 − sp

t ) if dp
t = A

2. Housing block

(a) Housing stock: ht+1 = h̄t =



0 if dh
t = R

ht if dh
t = O

mt(1 − ss
t)s

h
t /(ph

t (1 − sL
t λL)) if dh

t = B

ht if dh
t = R

(b) Mortgage: Lt+1 = L̄t =



0 if dh
t = R

Lt(1 + rL)− ft(Lt) if dh
t = O

sL
t λL ph

t h̄t if dh
t = B

sL
t λL ph

t ht if dh
t = R

3. Job-ladder block

(a) Discrete labor choice this period: ℓ̄t =

0 if de
t = U

1 if de
t = E

(b) Wage this period: w̄t =

0 if de
t = U

wt if de
t = E

(c) Human capital: p̄t =

pt if de
t = U

pt if de
t = E

Also note that housing utility flow is given by

h̃t =


sh

t (1 − ss
t)mt if dh

t = R

ht if dh
t = O

h̄t if dh
t = B

Finally, the state transition functions are given by

1. Portfolio block:

(a) at+1 = āt(1 + ra
t ) where ra

t is a shock

(b) bt+1 = b̄t(1 + rb)
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2. Housing block:

(a) ht+1 = h̄t

(b) Lt+1 = L̄t

3. Job-ladder block:

(a) et+1 =

εe
t+1 if de

t = U

1 − εu
t+1 if de

t = E

(b) wt+1 =

εe
t+1ωt+1 if de

t = U

(1 − εe
t+1)wt + εe

t+1ωt+11ωt+1>wt if de
t = E

(c) log pt+1 = max

log pt +

µp,u if de
t = U

µp,e if de
t = E

+ σpε
p
t , p


C.2 Hyper-parameters
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DL

Maximum number of minutes before termination 720.000
Sample size, Ntrain 150.000
Standard deviation for initialization of weights and biases from normal distribution 0.001
Number of value networks 3.000
Neurons in the policy network [500 500]
Neurons for value network [500 500]
Number of quadrature points 500
Batch size for training 150
Size of replay buffer 8
Initial exploration noise, σϵ 0.250
Decay rate for exploration noise 1.000
Minimum exploration noise 0.000
Initial learning rate for the policy network 0.000
Decay rate for policy learning rate 1.000
Minimum learning rate for the policy network 0.000
Learning rate maximum for value functions 0.001
Decay in learning rate for value functions 1.000
Minimum learning rate for value functions 0.000
Activation function for policy network final layer sigmoid
Activation function for policy network intermediate layers relu
Simulation frequency, ∆R 10
Start training policy after this number of episodes -1
Tolerance for policy loss 0.000
Activation functions for value network intermediate layers relu

Table C.1: Hyper-parameters
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